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Abstract

This study examines a pursuit differential game of one pursuing player and one evading player
modelled by an infinite three-coupled system of first-order ordinary differential equations. The
control functions of the players adhere to integral constraints whereby the pursuing player has
more control resources than the evading player. If, at some finite time, the pursuing player can
drive the system’s state from the initial state £° into the origin of the ¢> space, the pursuit is
then said to be completed. The evading player, however, aims to avert this from happening.
We construct a control function and an admissible strategy for the pursuing player to solve the
control problem and the differential game problem respectively. We give sufficient conditions
for the pursuit to be completed in the game. In addition, we provide a concrete example to
illustrate the application of our findings.

Keywords: admissible strategy; control problem; three-coupled; infinite system; integral con-
straint; pursuit differential game.
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1 Introduction

This research contributes to the field of differential games, a branch of mathematical mod-
elling focused on analyzing strategic interactions between rational participants, or players, over
time, where the system’s evolution is governed by differential equations. The foundational work
of Isaacs [17] introduced key concepts and methodologies that have since been extensively de-
veloped, such as existence and characterization of values of differential games [5, 10], method
of resolving functions in conflict-controlled processes [7], differential games of prescribed dura-
tion [12], convergence problem for differential games [13], pursuit differential games [15, 27],
existence of equilibrium in differential games and the detailed analysis of optimal strategies [19],
differential games theory in Distributed-Parameter Systems (DPS) [25], and simple pursuit by
several objects [28]. For further reading on some foundational contributions to differential games
and their classifications based on the number of players, we refer the interested reader to [38]. Dif-
ferential games, particularly pursuit-evasion problems, have garnered significant attention due to
their wide range of applications in defence [36, 16], robotics [26, 29], biological systems [22, 39],
economics and management science [8], and other areas.

Many real-world systems, such as heat distribution [9], deformation of structures [11], and
fluid flow [18], can be modelled as controlled systems using Partial Differential Equations (PDEs).
This approach is particularly prevalent in modelling DPS, where state variables depend on both
space and time. Moreover, recent contributions to the theory and application of model complex
dynamical systems [20, 41] and impulsive differential equations in control systems [14, 40] have
further enriched the methodological framework available for analyzing such systems. However, it
is important to note that tackling PDEs and formulating controllers for these systems can pose sig-
nificant challenges due to their inherent complexity. The control of systems governed by PDEs has
been extensively studied, for instance, time-optimal control linked to the process of heat transfer
[1], the time optimal control for evolutionary PDEs [4], adaptive control of PDEs [2, 35], control
of DPS [3, 6], and many others.

A methodology of particular interest to us in this research is the decomposition method, which,
when applied to a control system modelled by PDEs, reduces it to a control system modelled by
an infinite system of ODEs. For instance, this method has been used for evolution-type DPS in
Avdonin and Ivanov [3], and Satimov and Tukhtasinov [33] to obtain infinite systems of ODEs.

In many control systems, where finite resources such as fuel, energy, or materials are involved,
the control parameters are typically limited by integral constraints. Such restrictions ensure that
the total usage of these resources is capped over a given period, allowing the system to function
effectively within its available capacity. Differential games in which players’ control functions are
subject to integral constraints have received significant attention; see, for example, the works of
Salimi and Ferrara [30] and Sharifi et al. [34]. On the other hand, geometric constraints-arising
from physical or structural limitations on the system’s state and /or control variables-are also stud-
ied (for example, in Madhavan et al. [21] and Samatov et al. [31]).

In finite-dimensional differential games, the primary constraints on the players’ control func-
tions are integral, geometric, and mixed constraints [23]. Additionally, these constraints, to some
extent, are retained for control problems modelled using an infinite system of ODEs. In this re-
search, our interest lies more in differential games where the players’” control functions are re-
stricted by integral constraints.

In differential games, the conventional objective of the pursuing player is to complete pursuit
in some way, while the evading player aims for the opposite. Research, where pursuit completion
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entails steering the system’s state from a given initial state (different from the origin) into the
origin of the state space, has received significant attention. Some works on differential games
problems where pursuit completion entails steering the system’s state into the origin of the Hilbert
space include [21, 37] and many others.

Satimov and Tukhtasinov [32] studied differential games modelled by parabolic-type PDEs on
the given interval [0, T]. The differential games were reduced to those modelled by the infinite
system of ODEs,

Zj =525 — uj +vj, 2;(0) = 27, J=12,..., (1)

whereujandvj, j = 1,2,...arerespectively the pursuing player’s and the evading player’s control
parameters and the parameters ;, j = 1,2, ... satisfy:

O>712722732...*>7OO. (2)

Satimov and Tukhtasinov [32] analyzed four differential games with various control constraints
and found sufficient conditions for completing pursuit and evasion. In each of the games studied,
the pursuing player aims to steer the system’s state from a specified initial state to the origin in a
finite instant and the evading player aims to prevent this from happening.

Madhavan etal. [21] studied a differential game of pursuit whose mathematical model consists
of the following infinite three-coupled system of ODE:

&y = pjz; —uji(t) + v (t), z;(0) = a3,
Uj = Njyj — vz —up(t) Fopt), oy 0)=v,  j=1,2.., )
G =i + Nz — ws(t) +ujs(t),  2(0) =25,

where 1, \; <0,7; € R ujg,vjx € Rfork =1,2,3,2° = (29,29,...) € b5, y° = (40,49,...) € Lo,

and 20 = (29, 29,...) € {5, the pursuing and evading players’ control parameters are respectively:

u = (U1, U2, U13, U21, U22, U3, -..), and v = (vi1,Vi2,V13, V21, V22, V23, --.),

and they conform to integral constraints. The pursuing player in the game (3) strives to complete
the pursuit by steering the state of the system (3) from the initial state into the origin of the ¢, space
within a finite time. They found sufficient conditions to solve the associated control problem and
the differential game problem. However, the work of Madhavan et al. [21] did not consider the
case in the game model (3) when the parameters y;, \; are positive for j = 1,2,.... Our work
intends to fill this research gap.

The reviews mentioned above discuss various investigations into differential games modelled
by infinite systems of two and three-coupled ODEs, with the pursuing and the evading players’
control functions conforming to integral constraints and pursuit completion entailing guiding the
system’s state to the origin of the Hilbert space ¢, a well-researched area. However, pursuit games
may also occur in more intricate systems, including those governed by higher-order ODEs. Im-
portantly, there is no universal solution formula for pursuit games in infinite systems since each
system is characterized by its matrix-exponential, necessitating a tailored approach for each case.

This work examines a controlled system whose mathematical model consists of infinite three-
coupled systems of ODE,
Lj = py; — uji(t) + v (), z;(0) = a7,
Ui = Nyi =%z~ u() o), yi0) =yl =12, )
G =Y + Az — us(t) +oa(t),  2(0) = 2]
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on the time interval [0, 9)], where ¥ is sufficiently large, 0 < p; < 1, 0 < Xj < A\ p, A,y € R,
Uik, vk € Rfor k =1,2,3. The setting of the game (4) is in the Hilbert space,

by =q8&=(6,62,...) ¢ Z|§j\2 <00, & = (25,45, 2) ", 25, y5,2 €Rp,

with inner product and norm respectively defined as:

m =Y &n;, and |nll =/ (n,n) =

Jj=1

7775 € 62‘

The initial state, is (2,30, 2°)" = €% = (€7, €3,...) with £ = (29,47, 29)", where we assume that
€0 € 15 is not the origin of the ¢, space.

In the game (4), the pursuing player’s and the evading player’s control functions given respec-
tively by:

u = (u17u2,. . ) = (ull,ulg,ulg,um,u22,u23, .. ) € 527

v = (Ulav% .. ) = (Ull,1}12,’()13,’021,1]22,1}23, . ) € Z2a

conform to integral constraints.

To solve the control problem, we determine the control strategy that guides the controlled
system from an initial state £ to the origin of the ¢, space. Then, we analyse a pursuit game
problem where the pursuing player strives to transfer the system'’s state back to the origin of ¢,
space in a finite duration, whereas the evading player aims to avoid this. We obtain sufficient
conditions for the completion of pursuit in the game in a guaranteed pursuit time.

The remainder of the paper is structured in the following way: In Section 2, we present the
mathematical model governing the player dynamics in the game and define some key terms.
The presentation of results follows in Section 3, which consists of two subsections: Subsection
3.1 which deals with the solution of the control problem and Subsection 3.2 which is devoted to
the solution of the pursuit differential game problem. In Section 4, we provide a concrete example
to illustrate the application of our results and the paper is concluded in Section 5.

2 Problem Statement

Let¢ >0, o9 > 09 > 0, and

£(t) = (&1(t),&(1), .. .) = (21(1), y1(2), 21 (2), 22(t), y2(1), 22(0), - - ),
&(t) = (@5(8),5(8), % (1) 60 =220 + 120 + 20, =12,

1E@)I = ZI ) +yi () + 23 (0), (€= Z(ﬂﬁ?)QHy?)QHZ?)Q-

Let w(t), t € [0,9] be denoted by w(-).

The definitions below are vital for what comes next.
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Definition 2.1. The function,
w[0,9] = L2, w(-) = (wi1(-),wi2(-),wi3(-), w21 (), w22 ("), w23 ("), - - -)

is called an admissible control if the integral constraint,
0o
Z/ (W51 (s) + wi(s) + wiz(s)) ds < *, ¢ >0, i=12...,
j=1"0
is satisfied and its coordinates wj1 (t),wj2(t), w;3(t), t € [0,V], are measurable.

We shall denote the set of all such admissible controls by S(s).

Definition 2.2. We refer to the functions u(-) € S(oo) and v(-) € S(0¢) as the pursuing and the evading

players” admissible controls, respectively.

Definition 2.3. An admissible strategy of the pursuing player is a function U : [0,9] x o — {5 of the

form:
U(t,v) = (Ul(t, ’U), UQ(t,’U), .. ) 5 Uj(t, 1}) = (Ujl(t, ’U), Ujg(t,v), Ujg(t,v)) ;

with components:

Ujt,o(t) = vi(t) —w;(t), v(t) = (vji(t),v52(t),v55(t)), w;(t) = (wi(t),wja(t), wss(t)),

satisfying, for every v(-) € S(oy), the constraint,

9
JZ | Wit vopa < o, Ut 0@)F = U0,

where w(-) = (w1(+),w2(+),...) € S(o — 00).

Definition 2.4. In the game (4), we say that the time 9 > 0 is a guaranteed time of pursuit if we can find
a pursuing player strategy such that for any evading player admissible control, we have £(0) = 0 at some

time 0, where 0 < 0 < 9.

Define C/(0,9; ¢3) as the space of continuous functions {(t) € {5, t € [0,9]. Observe from [24]
thatif 0 < p; <, 0 < A; < X\ (where y, A € R"), v; € Rand w(-) € S(s), then, a unique solution

E(t) = (&1(t),&2(t), .. .), t € [0,9] of the infinite three-coupled system of ODE,

Tj = [T + wjl(t)7 xj(O) = 5527
Ui =Ny — vz T wip(t),  y;(0) =y] J=12.,

Zj =5 + Nz Fwis(t),  2(0) = 27

VR

exists in the C(0, ¥; {3) space. Indeed, for j = 1,2, ...,

&(t) = ®; (1)) +/O P;(t — s)w;(s)ds,

where
etit 0 0
P;t)=1| 0 eMlcosyt —eritsiny;t |, j=1,2,....

0 eMNlsinyt  ertcosy;t

The following property helps us to analyse the trajectory £(¢), ¢ € [0, 9] in the space /5.

(5)

(6)
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Property 2.1. It is easy to ascertain that ®;(t) satisfies:
(a) 251 (t) = D;(-1),

J

(b) @;(t—s)=2;(t)®;(—s) = 2;(—5)P;(t),
(c) |®;(t)&;] < ePit|¢;], where B; = max{pu;, A;}.

The research problems are contained in the following:

Problem 2.1. Obtain sufficient conditions that resolve the control problem whose mathematical model is
(5)-
Problem 2.2. Obtain sufficient conditions that Quarantee pursuit completion in the differential game mod-

elled by (4).

3 Results

In this section, we present the results of our research. In differential games of pursuit, the
related control problem is typically analyzed before the differential game problem to establish
a basis for developing a strategy that enables the pursuing player to effectively achieve pursuit
completion.

3.1 The control problem

In this subsection, we address Problem 2.1. Here, we investigate an auxiliary control problem
modelled by the infinite three-coupled system (5) that is useful in solving the pursuit problem.
The goal is to find an admissible control w(t) that can guide the system’s state to the origin of ¢,
within a finite duration on the time interval [0, 9].

For j = 1,2,..., define the matrices x;(s) = <I>j(—s)(I>JT(—s) and TY;(t) = fof X;(s)ds. A quick
computation shows that,

e~ 2His 0 0
xjs) = 0 e 0 |,
0 0 672)\j8
fot e 2His (g 0 0
Ti(t) = 0 [3em2Xisds 0 ,
0 0 fg’ e~2Xis g
-1
(fot 6_2”-7'3ds) 0 0
-1
) = 0 (fot 6’2’\J5d3> 0
1
0 0 (fot 6_2’\J'sds)
The equation,
o0
SOETTTHE =6, 6> 0, 7)
=1
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is crucial in solving Problem 2.1.
Theorem 3.1. Let (7) have a root at t = V1. Then, we can find an admissible control w(-) € S(<) that can

drive the state of (5) to the {5 space origin in a finite duration ;.

Proof. We begin by designing the control for each j = 1,2,. .. as follows:

—dT(—)Y 7 (91)€Y,  0<t <,
wyty = | LTS - (8)
0, t> 9.
Next, we establish the admissibility of our designed control (8). Observe that,
) 00 ) )
Z/ 1w (5)] ds:Z/ =T ()T L (91)E%] ds,
j=1 j=170
— [ T 1 0|2
= / |<I)j (—s)Tj_ (01) j| ds. 9)
j=1"0

But then,

J

—1
@?(—S)le(ﬁl)fg = | e s (foﬁl 6—2,\_7~st) (y? cos ;s — 27 sin;s) | - (10)

-1
s (1 o
e Hi® (fole 2“J5ds) 29

—1
e—Ais (f<§91 e*”J'SdS) (47 sin ;s + 2] cos ;)

Now, using (10) in (9), we get,

o) 91 o0 9

> [ e as =3 [ ef oty gl o

j=1 j=1
00 91 Y1 -2
S e ([ )
=170 0

6—2)\js h 6_2)\'75 s ” 0\2 ZO 2 S
" (A d>uw+uud
- 042 & —2u; B 02 h 2N\ o
_2:1[(%) (/0 e st) + (v5) </0 e fds)
L0)2 & e—2N5 g -
s ([ ee) |

(ETT7(W0)E]

M

[
_

Il
el
ol

That is w(-) € S(s). This shows that the designed control (8) conforms to integral constraint and
thus, admissible.
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Next, we show that the system’s state (5) can be guided from £} to the ¢, origin at the instant

t = ¥ by utilizing the control (8), that is (1) = 0. Using Property 2.1(b) in (6) we get that,
91
6(01) = ;008 + [ 8,008 (~s)wy(5)ds
0

= &;(vh)

U1
5?4—/0 <I>j(—s)wj(s)ds] . (11)

Deploying the control (8) in (11) gives:

Y1
=®;(v) {g;?/o O;(—s)®] (—s) [T; 1 (h)&]] ds}

91
éj(ﬂl){gg /O ®;(—s)®] (—s)ds

D;(10h) {&§ —T;91) [T (91)€)] }
®;(01) {€) - &)}
0.

(5 (91) ?]}

Thus, with the designed control (8), the state of (5) is transferred from the initial state f;-) into the
{5 origin at the instant ¢ = ¢J;. This completes the proof. O

Having resolved this initial stage, we can now focus on the pursuit game problem (4).

3.2 The pursuit differential game problem

In this subsection, we address Problem 2.2. We explore the pursuit differential game whose
mathematical model is given by (4), which outlines the movement of a point in ¢5 space controlled
by the pursuing and evading players with control parameters u(-) and v(-) respectively. We aim
to fulfil the pursuing player’s objective by devising an admissible strategy to bring the point to the
origin at a certain time, regardless of the evading player’s admissible control. The pursuit game is
examined under integral constraints.

The game model has the solution ¢;(t), j = 1,2, ..., given by:

t
6(0) = 2,060 + [ 0,0)0,(=) [Uj(5.05(9) + vy ()] ds. (12)
with the pursuing player’s strategy embedded.

Consider the equation,

$ Z(&?)Tle(t)é“? = 00— 00, 00,00 >0. (13)

Jj=1
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Theorem 3.2. Let (13) have a solution at t = 4. Then, a guaranteed pursuit time in the game (4) is V5.

Proof. The steps in the proof are as follows:

Step 1: Devise a strategy for the pursuing player.
Step 2: Check that the developed strategy is admissible.
Step 3: Establish pursuit completion whenever the pursuing player deploys that strategy.

For Step 1, we offer to the pursuing player, the strategy below:

v;(t) + T ()T 1 (92)€Y, 0<t<ds,

(14)
O7 t> ’192,

Uj(t,v5(t)) = {

where v(-) € S(op) is an admissible control of the evading player.

Next, for Step 2, we show that the strategy (14) is admissible; that is, that integral constraints
are satisfied by (14). From (14),

1/

1/2
oo Yo 2 9] 9o )
(;/0 Uj(s,vj(S))2d8> < (32_;/0 |vj(s) + @7 (=5)L5 ! (92)¢] | ds) , (15

The RHS of (15) when estimated with Minkowskii’s inequality gives:

. e :
(;/0192 i ds) | (;/019 [0 (s)]? dS)
) (2 /0192 [®F (=)77 W2)ef | d8> 1/2

- 9 1/2 - 1/2
(Z /O |vj<s>|2ds) +(Z<£§>TT;1<02>§?)

IN

j=1
=00+ 00— 00
= 0o-

This verifies the admissibility of the pursuing player’s strategy (14).

Lastly, for Step 3, we show that the pursuit can be completed whenever the pursuing player
applies the strategy (14). Now, applying the strategy (14) in (12), we get that,
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J2
&i(02) = @;(92)€7 +/O P;(92)P;(—3) [=U;(s,v;(s)) +v;(s)] ds
L2
= q)j(792>§? - /0 (I)j(192)‘1)](—S)(I)?(—S)T;l(192>€;)d8

)
Z‘I’j(ﬁz){f?_/o ®;j(—5)®] (—s)ds [le(?%)é?]}

(1) {€0 — T;(02) 75 (92)€2}
@;(12) [€) — &Y
0.

Thus, a guaranteed pursuit time in the game is 5. This proves the theorem. O

4 Example

To illustrate an application of our results, we present the examples as follow:

Example 4.1. Let us consider a differential game of pursuit modelled by (4) where the control parameters
of the pursuing and the evading players adhere to integral constraints. In the game (4), suppose that

=N = 300 = 4, 0o = 1 and that the initial state given is £° = (20,40, 20)T where
1\* 11 — 1 2
20 =90 =20 = () = (1, -, ,) Notice that z°,9°, 20 € ¢, sincez —= =¢(2)= T <o,
J/ j=1 23 = J 6
where ¢(-) is the Riemann zeta function. Substituting the given values in (13) yields:
[eS) -1
3 t
S5 ([eas) -a
=7 0
which simplifies further into,
3 1
D Dl (16)
j=1

Sinceio:i—ﬁ—2 (16) yields:
e e

3 (”62) =9(1—e")

. 18
T 18 — 72’

P 18
=ln|—].
18 — 72

1
Thus, 93 = In (82> . Applying Theorem 3.2, we conclude that pursuit completion is attained for the
— T

= €

From the above, it is evident that,

18
initial values given, and the time ¥ guarantees pursuit completion in the game.
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5 Discussion and Conclusions

In this study, we investigated control and differential game problems whose mathematical
models are infinite three-coupled systems of ODE with integral constraints restricting the play-
ers’ control functions. There are two players in the differential game problem studied: a pursuing
player and an evading player. Although the control problem is used to solve the differential game
issue, it is nevertheless important.

It is important to note that in (7) and (13), the matrix Y;(¢) (for ¢t > 0) and its inverse are
positive definite. Moreover, T;l (t) is strictly decreasing with respect to ¢ in the sense of Loewner
order for each j; consequently, the quadratic form (f?)TTj*l (1)€Y is strictly decreasing in ¢ for each
j. Furthermore, since the sequences (p1;) and ();) are bounded and nonnegative and £° € /5, the
series,

ZgOTT j’

Jj=1

converges for each fixed t > 0. In fact, f(¢) is a continuous and strictly decreasing function of ¢ on
(0, 0); it diverges to 400 as t — 07, and converges to a finite positive limit as t — co. Thus, by the
Intermediate Value Theorem, if

lim f(t) <<?, (respectively, tli)m f(t) < (e0 — 00)?),

t—o0

then (7), (respectively, (13)) admits a unique root at ¢t = J; (respectively, t = ¥2).

We made the following contributions. We found sufficient conditions for the system’s state
to be guided into the ¢ origin and have resolved the control problem associated with the system.
Furthermore, we devised an admissible strategy for the pursuing player and demonstrated pursuit
completion at a guaranteed time of pursuit. A concrete example that illustrates the application
of our theorem in establishing pursuit completion at a guaranteed pursuit time is also given in
Example 4.1.

Madhavan et al. [21] studied a differential game problem whose mathematical model consists
of an infinite three-coupled system of ODEs (3) for the case 11;, A; < 0, and constructed a pursuit
completion strategy for the pursuer which exists under the classical condition gy > o¢. However,
our research has, for the first time, studied the differential game (3) for the case where y;, \; are
positive, and we constructed a pursuit completion strategy, given by (14), which exists if

00 > 00 + /im0 f(t).
Future works could explore differential games of evasion modelled by the infinite three-coupled

system (4). To make things more interesting, one could also study the differential game (4) for
the case where mixed constraints are prescribed on the players’ control parameters.
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